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ABSTRACT
F-theory in its most general sense should be a theory defined on a world-
volume of higher dimension than the worldsheet, that reproduces string re-
sults perturbatively but includes nonperturbative supergravity solutions at
the first-quantized level. This implies that in some sense it should contain
the same oscillator modes as the string but an enlarged set of zero-modes. In
this paper we concentrate on the higher-dimensional properties of the world-
volume (rather than those of spacetime): “Ghost” dimensions are added to
the worldvolume, as might be expected in a “zeroth-quantized” approach to
the constraints on its higher bosonic dimensions, by adding equal numbers of
bosonic and fermionic dimensions to the worldsheet.
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21. Introduction
F-theory was originally introduced as a method to find compactified vacua more
general than those found from supergravities in D=10 and 11 [1]. “Exceptional su-
pergravities” [2] were defined to allow this procedure without incorporating string
excitations (but have not yet reached completion for the most symmetric cases).
However, these excitations are necessary for the improved high-energy behavior that
made string theory an attractive approach to quantum gravity in the first place. Then,
as M(embrane)-theory [3] was an enlargement of the string theory worldvolume from
d=2 to 3 in association with the increase of spacetime dimension from D=10 to 11,
F-theory would be a further (set of) step(s) to increase both. Unfortunately, it seems
that quantizing the (super)membrane in the obvious way did not include supergravity
among its states [4].
This led us to consider a new approach to the worldvolume [5], where its extra
dimensions were constrained in the same way as those of spacetime in manifestly T-
dual string theory [6] or exceptional supergravities. Although these F-theories have
been shown equivalent to string theory, quantization has not yet been approached in
a manner that would retain the higher-dimensional properties of the worldvolume.
In this paper we do not quantize these new F-theories directly, but consider
how uncompactified string amplitudes might be reproduced in a higher-dimensional
worldvolume. In particular, we want to see how at least some of the features of 2d
conformal field theory might be applied. The simplest way is to add equal numbers of
bosonic and fermionic dimensions to the worldsheet in such a way that they cancel in
quantum computations [7], in analogy to the way a similar procedure produced basic
properties of string field theory when applied to the spacetime dimensions of lightcone
string theory [8]. (When applied to ordinary field theory, this method applies to spin
as well as coordinates, as a generalization of Feynman’s original discovery of ghosts
for Yang-Mills [9].) This is a guess at how a “covariant gauge” for F-theory might
look, in contrast to the “unitary gauge” (analogous to the lightcone gauge) where
the worldvolume constraints are explicitly solved to eliminate the extra worldvolume
dimensions. Thus, although this generalization is in some sense trivial, it provides
a plausible goal for a derivation based on applying any of the standard gauge-fixing
procedures of quantum theory to F-theory.
32. Worldvolume propagator
It’s difficult to see how the standard closed-string amplitudes could be reproduced
without the usual logarithmic propagator for X on the worldsheet. Adding equal
(even) numbers of bosonic and fermionic dimensions to the worldsheet solves this
in the standard Parisi-Sourlas way, as seen by defining the propagator by Fourier
transformation of the inverse of the corresponding (massless) Klein-Gordon operator
of the worldvolume:∫
dd|d−2p eip·z
1
p2
=
∫ ∞
0
dτ
∫
dd|d−2p eip·z−τp
2 ∼ −ln(z2)
The “d|d−2” refers to d bosonic and d−2 fermionic worldvolume dimensions, with
“p2” (and z2) using the OSp(d|d−2) metric. (Of course, d=2 is the usual worldsheet.
We ignore questions of signature. d is assumed to be even.) Gaussian integration
over p gives a factor of 1/
√
τ to the power str(I) = d−(d−2) = 2, yielding the same
form for the result as for d=2 (where we dropped the usual divergent constant).
3. Conformal invariance
As a generalization of the Sp(2)2=SO(4) (again ignoring signature) Mo¨bius invari-
ance of the worldsheet for the closed string, we look for OSp(d+2|d−2) “conformal”
invariance. This will be used to fix the positions of 3 vertex operators: (1) The first
is fixed by translations. (2) Another is fixed by conformal boosts (as easily seen by
considering inversions). (3) For the third, we fix its norm with a scale transformation,
and its direction with “Lorentz”. This leaves a residual OSp(d−1|d−2) symmetry.
The usual closed string amplitudes all have products of holomorphic times anti-
holomorphic factors, giving |z|2’s that easily translate into OSp squares z2. Things
then work pretty much the same as for the usual conformal field theories in higher
dimensions. Of course, translation, scale, and Lorentz invariance are easy to check.
This leaves only conformal boosts; but invariance under them follows from invariance
under inversions. Then we have the usual
z → z′ = z
z2
⇒ z212 →
z212
z21z
2
2
where z12 ≡ z1 − z2. That leaves us with the measure, whose transformation gives a
Jacobian
dd|d−2z → dd|d−2z′ = dd|d−2z sdet
(
∂z′
∂z
)
where
∂z′a
∂zb
=
1
z2
(
δab − 2
zbz
a
z2
)
4and the a, b indices run over d commuting and d−2 anticommuting values. (There are
the usual statistics ordering signs that we can handle by carefully watching indices.)
The superdeterminant of the first factor again gives the power str(I), reproducing
the d=2 result. That of the second factor can be evaluated, e.g., by expanding in the
second term, or choosing a specific direction for za: Either way the result is −1 (again
as for d=2). After fixing the limits of integration, we then have the result resembling
d=2,
dd|d−2z → d
d|d−2z
(z2)2
Invariance of amplitudes can be checked by performing transformations and checking
cancelation of factors of z2i under inversions.
4. Amplitudes
As an example we evaluate the 4-point tachyon amplitude in the bosonic theory.
We start with the usual expression for the N-point amplitude, substituting just |z|2 →
z2:
AN = z
2
1,N−1z
2
N−1,Nz
2
N,1
∫
d(N−3)(d|d−2)z
∏
i<j
(z2ij)
α′ki·kj/2
where we have chosen z1, zN−1, zN as the 3 fixed z’s. Here ki ·kj refers to the spacetime
inner product of the usual momenta, which we don’t discuss here. (We assume co-
variant gauges have been chosen for the X worldvolume gauge fields, so they appear
with naive index contraction.) The momentum-dependent factors follow from the
logarithmic propagators produced by the usual vertex operators eik·X(z); the measure
factor in front has been chosen for OSp(d+2|d−2) worldvolume conformal invariance.
This invariance works the same way as for d=2, since the transformations for z2ij and
dd|d−2zi are the same.
For the case N=4, after taking zi → (0, z, 1,∞), where “1” means a unit vector
in some fixed (bosonic) direction, this becomes the “usual”
A4 =
∫
dd|d−2z (z2)−
1
2α(s)−1[(1− z)2]−12α(t)−1
where
α(s) = 12α
′s+ 2 , s+ t + u = −16
α′
s = −(k1 + k2)2, etc., and α′ would be the open-string slope.
To evaluate we use the usual tricks: Compare to a massless propagator correction
in d|d−2 dimensions with “1” the external momentum and z the loop momentum,
5and the 2 internal propagators each loop-modified to some powers of momenta. This
suggests exponentiating the 2 factors with Schwinger parameters
f−h =
1
Γ (h)
∫ ∞
0
dτ τh−1e−τf
Again the worldvolume integral is Gaussian (now over z instead of its conjugate p),
so it again gives a d-independent result in terms of str(I) = 2, the same value as for
the worldsheet d=2. (We only needed the fact that z23 = 1, so choosing its direction
was irrelevant. But the same was true for d=2, where only |z|2 = 1 for the “2-vector”
z was needed. More general fixed z’s require more complicated expressions for A4,
as follow from the more general expression given for AN .) The remaining integrals
are thus the same. (Combine the 2 Schwinger parameters into scaling parameter λ
and Feynman parameter α, (τ1, τ2) = λ(α, 1 − α), etc.) The final result is the usual
Virasoro-Shapiro amplitude, identical to d=2.
5. Conclusions
We have shown how F-theory (not just the exceptional supergravity sector) might
be applied in a gauge where the worldvolume is not reduced to the worldsheet, by in-
cluding “zeroth-quantized” ghosts: not fermionic partners for second-quantized fields
φ(x), nor for first-quantized worldvolume fields X(z), but for the worldvolume coordi-
nates z. (The relevance of zeroth-quantization for strings [10] and higher-dimensional
worldvolumes [11] was considered previously.)
But we need also at least the first-quantized ghosts c(z) and b(z) for deriving the
measure factor (z21,N−1z
2
N−1,Nz
2
N,1 for trees, used above) and evaluating loops. The
naive generalization of the worldsheet ghosts seems noncovariant: The 2d “conformal
gauge” is actually a temporal gauge (Gaussian normal coordinates for the scale-free
metric). In general dimensions it leads to a ghost kinetic term of the form
b0a[12str(I)∂(0ca) − η0a∂bcb]
(For the usual worldsheet this can be rewritten in a manifestly covariant form.) The
ghosts b and c are each the same in number as the worldvolume coordinates. In our
case str(I) = 2. The equations for c are weaker than the covariant ones that would
correspond to fixing all the conformal metric,
1
2str(I)∂(acb) − ηab∂bcb = 0
These would be too strong, as they would restrict c to have only the “zero-modes”
corresponding to the conformal group, and no oscillator modes.
6An alternative is suggested by noting that in the 2d case these ghost equations
∂0c0 + ∂ici = 0 = ∂0ci + ∂ic0
can be rewritten, after replacing c0 → −c0, as
∂aca = 0 = ∂[0ci]
This suggests the slight generalization
∂aca = 0 = ∂[acb] ⇒ ca = ∂ac , ∂a∂ac = 0
This corresponds to the ghosts suggested in [8]. However, in d>2 this removes some
of the conformal zero-modes, but only those of the residual OSp(d−1|d−2) (although
the useful zero-modes appear in funny places, due to the noncovariance of the c0
redefinition).
The extra zeroth-quantized ghosts for canceling extra worldvolume dimensions d
in a covariant gauge suggests the existence of analogous extra first-quantized ghosts
in a covariant gauge for the extra spacetime dimensions D.
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